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Abstract. We describe the Weierstrass semigroup of a Galois Weierstrass point with
prime degree and the Weierstrass semigroup of a pair of Galois Weierstrass points with
prime degree, where a Galois Weierstrass point with degree n means atotal ramification
point of acyclic covering of the projective line of degree n.
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1 Introduction

Let No be the additive semigroup of non-negative integers. A subsemigroup H
of Ny is caled anumerical semigroup if the complement No\ H of H in Ny is
finite. Thecardinality of No\ H iscalled thegenus of H. A numerical semigroup
H is caled an n-semigroup if the least positive integer in H isn. Let C bea
complete nonsingular irreducible curve of genus ¢ > 2 over an algebraically
closed field k of characteristic 0, which iscalled acurve in this paper. Let K(C)
be the field of rational functions on C. For apoint P of C, we set

H(P) :={a € Ng| thereexists f € K(C) with () = aP},
which is called the Weierstrass semigroup of the point P. We notethat H (P) is

anumerical semigroup of genus g. Aninteger n is called the first non-gap of P
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if H(P) isann-semigroup. For distinct points P and Q of C, we set

H(P, Q) :={(a, B) e Ng x Ng| thereexists f € K(C)
with (f)o = aP + B0},

which is called the Weierstrass semigroup of the pair (P, Q) of points. If C isa
hyperelliptic curveof genusg > 2 and P isitspoint, then thesemigroup H(P) is
well-known. Moreover, if P and Q are distinct points of the hyperelliptic curve
C, Kim [4] determined the semigroup H (P, Q). If C isacurveof genusg < 7,
then every candidate, i.e., every numerical semigroup of genusg < 7, appearsas
the Weierstrass semigroup of apoint (for the case g = 4 see Lax [3], and for the
cases g = 5, 6, 7 see Komeda [10]). In the case where C is a non-hyperelliptic
curve of genus 3, for all distinct points P and Q of C the semigroup H (P, Q)
is determined by Kim-Komeda [6]. If P isapoint of a curve with first non-gap
a < 5, then every candidate, i.e., every numerical semigroup with first non-gap
a < 5, appears as the Welerstrass semigroup of apoint (for the casea = 3 see
Maclachlan [11] and for the case a = 4 (resp. 5) see Komeda [8] (resp. [9])).
If P and Q are distinct points whose first non-gaps are 3, then the semigroup
H(P, Q) isdetermined by Kim-Komeda[7].

In Section 2 we give a necessary and sufficient computable condition for a
p-semigroup to be the Welerstrass semigroup of a GaloisWeierstrass point with
degree p where p isaprime number. In Section 3 we determine the Weierstrass
semigroup of apair of Galois Weierstrass points with degree p.

2 Thesemigroup of a GaloisWeier strass point with prime degree

First we give the notation which we will usein this section. For an n-semigroup
Hwesets; = Minfh € Hlh = imodn} fori = 1,...,n — 1. The set
S(H) = {n,s1,...,s,_1} iscaled the standard basis for H. An n-semigroup
H issaid to becyclic if thereisa GaloisWeierstrass point P with degree n such
that H(P) = H. Thefollowing result is classical.

Remark 2.1. Any 3-semigroup is cyclic.
Cyclic p-semigroups have the following property:

Remark 2.2. (Morrison-Pinkham [12]). Let p beaprimenumber. If H isa
cyclic p-semigroup, then we have

Sit+spi=s;+sp,—,dl 1<i,j<p-1
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GALOIS WEIERSTRASS POINTS WITH PRIME DEGREE ON A CURVE 129

which are called the M-P equalities.

Theaboveconditionisanecessary and sufficient conditioninthecasep = 5, 7.

Remark 2.3. If p = 50r 7, thenany p-semigroup satisfyingthe M-Pequalities
iscyclic (for example, see Morrison-Pinkham [12]).

For an arbitrary prime number p, Theorem 2.1 in Kim-Komeda [5] gives a
necessary and sufficient condition for a p-semigroup to be cyclic. Using the
theorem we can show that the condition satisfying the M-P equalities is not
sufficient for every p > 11.

Remark 2.4. (Kim-Komeda [5]). If p > 11, then there exists a non-cyclic
p-semigroup satisfying the M-P equalities.

We want to find a strictly additional computable condition for a p-semigroup
satisfying the M-P equalities to be cyclic. From now on, let p be an odd prime
number. We assumethat H is a p-semigroup satisfying the M-P equalities. We
set

SHY={p,pay+1(1=1,...,p—D}

We call
At tjmi=ar+a,1+1
il 2
(DR SR -
Y wq)jg = pa+1 (i=1...,59
qg=1

the system of linear equations associated to H, where

X
T(x) =x — |:—i|p
p

for any integer x and [ ] denotes the Gauss symbol. Here ji, ..., j,«1 are
the variables. Using Carliz-Olsen [1] we can see that the determinant of the
coefficients of (1) is non-zero. Hence (1) has a unique solution. If we can find
the solution, we get the necessary and sufficient condition for a p-semigroup
satisfying the M-P equalitiesto be cyclic which will bedescribed in Theorem 2.7.

Bull Braz Math Soc, Vol. 36, N. 1, 2005
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Proposition 2.5. Let H be a p-semigroup. Then the following conditions are
equivalent.

i) H is cyclic.
p—1
i) S(H) = {pyul D nlg)i, |I=12....p—1
g=1
p—1
for some non-negative integers iy, iz, ... ,i,—1 With Zqiq = 1mod p.
qg=1

Proof. ii) impliesi) by Theorem 2.1 in [5]. We assume that i) holds. Then
there is a Galois Weierstrass point P on acurve C suchthat H(P) = H. We
may assume that the C is defined by an equation of the form

p—1 g
& =[][]e - ew’ )
q=1j=1
where
p—1
> qug #0mod p
g=1

and ¢,;’s are distinct elements of k. Let f: C —> P! be the morphism corre-
sponding to the inclusion

K(PY = k(x) C k(x,z) = K(C), i.e, f(R) = (1: x(R)).
In this case, we may take the point P as f~1((0 : 1)) = {P}. There exists an
integer m with1 < m < p — 1 such that

p—1

quuq = 1mod p.

q=1

For any g with1 < ¢ < p — 1wehavemq = n,p + r, for some integers n,
andr, with1 <r, < p — 1. Then the m-th power of the equation (1) becomes

p—1 kq

2 = [TTTC = g™ (r =g

q=1j=1
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Hence, if we set

m

Z

= 71 M y
l_[f;:l o1 (x — g

we get
p—1 1q
VASES l_[ l_[(x —cgp)
g=1j=1
p—1
with > “r i, = 1mod p. Moreover, we have K(C) = k(x,z) = k(x, 2),
g=1

because p is prime. By the proof of Theorem 2.1 in Kim-Komeda [5] we have

p-1 p—1 p—1
S(H(P)) = p. > rattgs-» y_m(trgditg, . »_7((p = Drg)ug
g=1 g=1 g=1
= S(H).

Foranyg=1,2,...,p—1weseti, = u,. Thenwehave

p—1 p—1 p—1
Zn(rrq)uq = Zn(trq)irq = Zn(z‘q)iq.
g=1 g=1 g=1

p—1
Moreover, we get » " gi, = 1 mod p, because
g=1
p—1 p—1
S s = = i :
g=1 g=1

Proposition 2.6. Let H be a p-semigroup satisfying the M-P equalities. The
semigroup H is cyclic if and only if the system of linear equations

i1+ +ip1i=a1+a,_1+1

p—1
I . _
(I > wlq)ig = pa +1 I=1,...,2%,
q=1
has a solution (i1, ... ,i, 1) = (%, ... (0) 1) consisting of non-negative inte-

gers.
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132 SEON JEONG KIM and JRYO KOMEDA

Proof. Assumethat H iscyclic. By Proposition 2.5 we have

p—1
S(H)={p}u > =i |1=12...p-1
qg=1
p—1
for some non-negative integers i”, iy, ... ,i%”; with Y " 4il® = 1mod p.
g=1
Hence, we get
Zn(lq)l(o) =/ mod p,
which implies that
p—1
> 79 = pai+1 mod p
g=1
forall. Sinceq + 7 ((p — 1)q) = p for dl g, we have
p—1 p—1
Y owlp =Dl =) (p - il.
g=1 g=1

Thus, we obtain
i+ i =ata, g + L

Therefore, the system (I1) has a solution consisting of the non-negative integers
:(0) -(0) ;©
1

1 l2 y oo P 1-
Assumethat (I1) hasasolution (iz...... ,ip-1) = (iy”.... , i) consisting of
non-negative integers. Since H satisfies the M-P equalities and we have
p—1
alg)+a((p—Dg)=pfordlg=1,... T
we see that
p—1
> wq)il® =pay+1U=1,....p-1).
g=1
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GALOIS WEIERSTRASS POINTS WITH PRIME DEGREE ON A CURVE 133

Thus, we get
p—1
S(H)={p)u{> =) |1=12..,p-1
g=1
By Proposition 2.5 H must be cyclic. d

Theorem 2.7. Let H be a p-semigroup satisfying the M-P equalities. Let
(s - ,jL;l)=(A1,--- ,A%)
be the unique solution of the system (1) of linear equations associated to H.

. 1 . . .
(1) Ifthereisrt € {l, cees %} such that A, is not an integer, then H is

non-cyclic.
(2) Ifall A,’s are integers, then the following conditions are equivalent:

(i) H iscyclic, i.e., there is a Galois Weierstrass point P with degree p such

that H(P) = H.
(ii) Z A, + Ay = Oand Z Ay + Apa = Owhere
reRy reRy
-3
Ry = {re {1,... ’pT} A, <O}.
Proof. (1) Consider the system of linear equations
i1+ +ipa=a+a,1+1
(”) p—1

> wlq)iy = par +1 I=1,...,5%,
q=1

where S(H) = {p, pay +1 (1 =1,..., p—1)}. By the assumption we get the
solutions of (1)

i1 =A1+ip1
ip=Ax+i,
N\ ip-3 = Aps +ipss
2 2 2
i/);l :APT—]._Z-[)T-%—?'_“‘_I.I;_Z_ZIP_]_
ipTH:A%l—i%S_"'—ip_z—ip_l.

Bull Braz Math Soc, Vol. 36, N. 1, 2005
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. 1 . .
Assume that there exists € {1, ... % such that A, isnot an integer. If

H were cyclic, then some solution (iy, ... ,i,—1) must consist of integers by
Proposition 2.6. But by the expression of the solutions, i, isnot an integer. This
is acontradiction.

(2) Assumethat all A,’sareintegers. First we provethat (i) implies (ii). Assume
that we had

2 2
rERH VGRH
Since H is cyclic, we get a solution (iy, ... ,i,—1) Of (II) consisting of non-

. -3
negative integers. For any r € {1 pT} wehavei, = A, +i,_, > 0,

whichimpliesthati, , > —A,. If Y A, + Ap1 <0, then we get

rERH

o
IA
N
iR

Il
>
s

|
iR

|
<
I

3= —ipa—ip1

SApi— ) iy, SApit ) A <O

reRy reRy

Thisisacontradiction. If Z A, + A,,TH < 0, the same proof works well.

reRy

Next we prove that (ii) implies (i). Let

p—3
1,..., ——
se{, . }

suchthats ¢ Ry. Weseti,_, = 0, whichimpliesthati; = A;+i,_;, = A; > 0.
Letr € Ry. Weseti, , = —A, > 0. Theni, = A, +i,_, = A, — A, = 0.
Moreover, we have

Ipt =Ap1 —ipi3 — - —lp_2—1Ip_
= 5 £ p=2 = tp—l
=Awi= ) i
rERH
:AE+§ A >0
7
rERH

Similarly we get i,%l = A,%l + Z A, > 0. Hence we get i, > O for all
reRy

g=1,...,p—1, whichimpliesthat H iscyclic. 0
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GALOIS WEIERSTRASS POINTS WITH PRIME DEGREE ON A CURVE 135

Using Theorem 2.7 we can give an example of a cyclic (resp. non-cyclic)
semigroup satisfying the M-P equalities.

Example2.8. Let H bethe 11-semigroup with
S(H) = {11, 23, 24, 25, 26, 27, 39, 40, 41, 42, 43}

(resp. {11, 12, 16, 18, 19, 20, 24, 25, 26, 28, 32}).
Then H satisfies the M-P equalities. Moreover,

i+ jo+ ja+ ja+ js+ je = 6 (resp. 4)
J1+2j2+3j3+4ja+ 5js + 6js = 23 (resp. 12)
2j1+4j2+6j3+8js+ 10j5+ je = 24
3j1+6j2+9j3+ ja+4js+ 7je =25
4j1+8j2+ ja+5js+9js+2js = 26

5j1 + 10/2 + 4j3 + 9ja + 3js + 8j5 = 27 (resp. 16)

is the system (1) of linear equations associated to H. The unique solution is
(3,-1,0,0,2,2) (resp. (1,1,1, —1, 2, 0)), whichimpliesthat R = {2} (resp.
{4}). Hence we get

—1+2>0 and —-1+2>0(esp. —1+2>0 and —1+0<0),

which impliesthat H is cyclic (resp. non-cyclic) by Theorem 2.7 (2).

3 Thesemigroup of a pair of GaloisWeler strass pointswith prime degree

Throughout thissectionlet C beacurveof genusg. WedeterminetheWelerstrass
semigroup at a pair of Galois Weierstrass points P, Q with prime degree. First
we review the properties of the semigroup H (P, Q).

Remark 3.1. (Kim [4] and Homma [2]). Let P and Q be distinct points of
C. Then we have the following:

i) Foreachl € G(P) = No\H(P), theinteger Min{8 | (I, B) € H(P, Q)}
must be equal to some element in G(Q) = No\H(Q), say o (1), and this
correspondence o gives a bijection between the sets G (P) and G (Q).

Bull Braz Math Soc, Vol. 36, N. 1, 2005



136 SEON JEONG KIM and JRYO KOMEDA

ii) Thesemigroup H (P, Q) iscompletely determined by the bijective corre-
spondenceo, i.e.,

GP, Q) =
U ({(l,,B)|,3 =01...,.0(0) —~1}U{(,o()|e=0,1,...,]— 1})

leG(P)
where we set G(P, Q) = (Ng x No)\H (P, Q). Thus, it suffices to
determinethegraph I'(P, Q) of 0, i.e,,

L(P, Q) ={(, o) |l €G(P)},

for describing the semigroup H(P, Q). We cdl T'(P, Q) the generating
setfor H(P, Q).

Remark 3.2.  Wecan describethe semigroup of apair of pointswhosefirst non-
gapsa are 2 (resp. 3) using the generating set (see Kim [4] (resp. Kim-Komeda
[7]) fora = 2 (resp. 3)).

Let P be a Galois Weierstrass point of degree p on a curve C. By the proof
of Proposition 2.5 the curve C can be defined by an equation of the form

p—1 i

2 =T]]]x =) 2

g=1j=1

where

p—1

Zqiq = 1mod p

q=1
and ¢,;’s are distinct elements of k. Let f: C —> P! be the morphism corre-
sponding to the inclusion

K(PY) = k(x) C k(x,z) = K(C), i.e, f(R) = (1: x(R)).

In this case, we may take the point P as f~%((0 : 1)) = {P}. By Theorem 2.1
in Kim-Komeda [5] we have

p—1 p—1 p—1
S(HP) =1{p.> qige-.. Y wtQig..... Y 7((p—Dqig ¢ .
g=1 g=1 g=1

Using the above curve C and its point P we get our main theorem.

Bull Braz Math Soc, Vol. 36, N. 1, 2005
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Theorem 3.3. i) Let P and Q be distinct Galois Weierstrass points with degree
p on acurve C of genus g. Assume that g > (p — 1)%. Then there exist non-

p—1
negative integers i1, ... ,i,_1 With Y " gi, = 1mod p and an integer s with
=1

q_
1 <s < p — 1satisfying iy > 0 such that

p-1 p-1

p—1
S(H(P) =P, Y digeeees ) 7@, Y w((p =Dy | .
g=1

g=1 q=1

r-1 r-1

S(H(Q)):{p,Zqiq+p—l—s,... Y o wtqig+p—t—wts). ...,

q=1 g=1

p-1
Y wlp—De)ig+1—7((p— 1>s>}

qg=1
and
p—1
TP, Q)= { Y w(mq)iy —Ip,Ip — 7w (ms) ‘
g=1
P (mg)i
1<]<|Z=azt” 7771 ,1§m§p—1}.
p
i) Conversely, let iy, ... ,i,_1 be non-negative integers such that
p—1
> qi, = 1mod p.
qg=1

Take an integer s with iy > 0. Then we can construct a pair (P, Q) of Galois
Weierstrass points with degree p such that S(H (P)), S(H(Q))andI'(P, Q) are
asini).

Proof. i) Let C be the curve with the equation (2). We set f~1((1: ¢y)) =
{Py;}. Sincethe genus of C islarger than (p — 1)2, we have Q = P,, for some

. Then the eguation (2)

s and t. We transform the variable x by X =
X —C
becomes !

-1 i
1 -1 . p q N
TPy =19l — _ A\ PRV
cZ X T = rl IT(X> Cw) II (X Cv)
g=1.%#s j=1 J=1#t

Bull Braz Math Soc, Vol. 36, N. 1, 2005



138 SEON JEONG KIM and JRYO KOMEDA

where c/q = and ¢ is some constant. Then we get

Cqj — Cst

-1 iy is
Zr = Xpl( [T [ Ciu‘)q) [T &x—cp.

g=L#s j=1 =Lt

p—1
whereweset Z = ¢ » Xz and u = > gig+p—11fs = p—1, thenweget
qg=1

p=2 iq ip—1
zr = (l_l [Tx - C;/)q) (Xpl [T &~ C%l/)pl) :

qg=1j=1 j=1,#t

If s = p — 1, then weobtain

p—2 g is ip-1
7P = ( ]_[ H(X —c/qj)q) ( H X —c_gj)s) (Xpl H(X _C;lj)pl) .

g=L#s j=1 J=LA j=1

If s = p—1,then

p—1
S(H(Q)) = S(H(P)) = (p}U { Y it =12....p~ 1}

g=1
If s # p — 1, then by Theorem 2.1 in Kim-Komeda [5] we have

p—2
S(H(Q)={p}U { Z n(tq)ig +wts)(is — 1) + 7@ (p — D)(ip-1+ D

g=1%#s

t:1,2,...,p—1}

p—1
={p}U { 7(tq)ig +n(@t(p—1) —ma@s)|t=12,... ,p— 1}
qg=1
p—1
={p}u{Zn(rq)iq+p—z—n(ts)|z=1,2,... ,p—l}.
q=1
For any positiveinteger l andany m = 1,2, ..., p — 1, consider the divisor

m

<

-1 i mq
((x — csr)! H5=l jq=1(x - qu)[ ’ ])

Bull Braz Math Soc, Vol. 36, N. 1, 2005



GALOIS WEIERSTRASS POINTS WITH PRIME DEGREE ON A CURVE 139

p—1 i p—1
=m | 3D aPy— ) qisP | ~1(pPy—pP)
q=1 j=1 g=1
p—1 iq mq p—1 mq
-(ZX [ -Z e
g=1 j=1 p q=1 p
p—l lq Ig
mq ms
Rl £ -5
g=1.#s j=1 p j=1#t p
ms p1 r—t
—(lp—ms+|:—]p)Ps,— quiq— [ i|pz —Ip| P
p q=1 q=1
p—1 g iy
= w(mq) Py + Z 7 (ms) Py;
g=1+#s j=1 j=1#t
p—1
—(Ip — 7 (ms) Py — | D w(mgq)ig —Ip | P.
g=1

p—1 .

_1mw(mq)i

Zg=1 TN , then
P

We notethat Ip — w(ms) > 0. Moreover, if [ < [

p—1
Zn(mq)iq —Ip > 0.
q=1

S (mg)i,
Hence forl<m <p—landl<i<|=—— " | weget
p

p—1

> mmq)iq —Ip.lp —w(ms) | € H(P. Q).

g=1
By Lemma 2 in Homma|[2] we get the result.
if) Using the integers iy, ... , i,—1 We construct the curve C with the equation
(2) and its point P. Let ustake Py1 as Q where f~1((1: ¢;1)) = {Ps1}. Then
we get the desired resullt. O

We give an example of the semigroup of a pair of Galois Weierstrass points
such that we can take only one s as in the above theorem.

Bull Braz Math Soc, Vol. 36, N. 1, 2005



140 SEON JEONG KIM and JRYO KOMEDA

Example3.4. Let H bethe 11-semigroup with
S(H) = {11, 23, 46, 69, 92, 115, 138, 161, 184, 207, 230}.

It satisfies the M-P equalities. The solution (A4, ..., Ag) of the system (I)
associated to H is (23,0, 0, 0, 0, 0), which impliesthat Ry = . Hence H is
cyclic. The solutions of the system (I1) in the proof of Theorem 2.7 (1) are
i1=23+41i1, Ip2=1Ilg, I3=1lg, Ia=1I7,
is = —i7 —ig —ig —i10, 1Ig = —i7 —ig— ig — I10,
where i;, ig, ig and i1g are arbitrary. If iy, io, ... , i19 @re non-negative, then we
must havei, = Oforall¢g =2,3,...,10. Thus, (23,0,0,0,0,0,0,0,0,0) is
only one solution of (I1) consisting of non-negative integers, which means that

iy > Oimpliess = 1. By Theorem 3.3 ii) we can construct Galois Weierstrass
points P and Q such that

H(P)=H, S(H(Q)) ={11, 32,583, 74, 95, 116, 137, 158, 179, 200, 221}
and
I'(P,Q)={(23m —1U,1U —m) |1 <] <2m,1<m < 10}.

Infact, let C be the curve defined by
23
M=[[c—-cy) ad f:C—P
j=1

the morphism corresponding to the inclusion k(x) C k(x,z). Set {P} =
F£7X(0: 1)) and {Q} = F~1((1: c11)). We get the desired one.

For the following cyclic 11-semigroup H we may takeany s with1 < s < 10
asin the above theorem.

Example3.5. Let H bethe 11-semigroup with
S(H) = {11, 89, 90, 146, 92, 93, 149, 150, 96, 152, 153}.

It satisfies the M-P equalities. The solution (A, ..., Ag) of the system (1)
associated to H is (6, 0, 5, —5, 8, 8), which impliesthat R, = {4}. Since we
have

As+As=-5+8>0and A4+ Ag=-5+8>0,
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we seethat H is cyclic by Theorem 2.7 (2). The solutions of the system (1) in
the proof of Theorem 2.7 (1) are

i1 =06+41i10, i2=1lg, i3=05+1is Iisa=—-5+17,

is =8—i7—ig—ig—i10, Iis=8—i7—ig—1ig— i1,

where i7, ig, ig and i1g are arbitrary. For example, (6,1,5,1,1,1,6,0,1, 0)
and (7,0,6,0,1,1,5,1,0,1) are solutions of (I1) consisting of non-negative
integers. Therefore for any s we have a solution (iy, ... , i1g) of (I1) consisting
of non-negativeintegerssuchthati; > 0. Inthisexampleweset s = 2. Namely,
let (iy,...,i10) = (6,1,5,1,1,1,6,0,1,0). Then by Theorem 3.3 ii) we can
construct Galois Weierstrass points P and Q such that

H(P)=H, S(H(Q)) ={11, 97, 95, 148, 91, 89, 153, 151, 94, 147, 145}

and

L'(P, Q)=
(89— 11,11 —2) |1 =1,... ,8U{(0— 11,11 —4) |/ =1,...,8/U
(146 — 111,11 —6) [I =1,... ,13}U---
S U{(153— 11,11 ~9) |/ =1,...,13}.

Infact, let C be the curve defined by

6 5
= H(x —c1j) - (x — ez H(x —c3)% (x — car)*
j=1 j=1

6
(= es)® - (x — cen) [ JOr — e2))7 - (x = con)®.
j=1

Wedenoteby f: C — P! themorphism corresponding totheinclusionk(x) C
k(x,z). Set {P} = f~%((0: 1)) and {Q} = f~1((1: cz1)). Then we get the
desired one.
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